Let E be the complete Euclidean graph on a set of points embedded in the plane. Given a constant t ≥ 1, a spanning subgraph G of E is said to be a t-spanner, or simply a spanner, if for any pair of vertices u, v in E the distance between u and v in G is at most t times their distance in E. A spanner is plane if its edges do not cross.
INTRODUCTION
Let E be the complete Euclidean graph on a set of points P embedded in the plane. Given a constant t ≥ 1, a spanning subgraph G of E is said to be a t-spanner, or simply a spanner, if for any pair of vertices u, v in E the distance between u and v in G is at most t times their distance in E. The constant t is referred to as the stretch factor. A spanner is plane if its edges do not cross.
In this paper, we consider the following question: What is the smallest maximum degree that can always be achieved for plane spanners of complete Euclidean graphs? Or, more precisely: What is the smallest d such that for some constant t ≥ 1 there always exists a plane t-spanner of maximum degree at most d on any set of points on the plane? This fundamental question was raised by Bose and Smid [7] in their recent survey of geometric problems. It is a natural extension to classical questions on spanners of complete Euclidean graphs, and Delaunay triangulations in particular.
In the mid-1980s, the fundamental question of whether a plane spanner of E always exists was considered. In his seminal 1986 paper, Chew answered the question in the affirmative [9] . He proved, in particular, that the L1-Delaunay triangulation of P , i.e. the dual of the Voronoi diagram of P based on the L1-distance, is a √ 10-spanner of E. Chew's result was followed by a series of papers demonstrating that other Delaunay triangulations are plane spanners as well. In 1987, Dobkin et al. [12] were successful in showing that the (classical) L2-Delaunay triangulation of P , i.e. the dual of the Voronoi diagram of P based on the L2-distance (i.e., the Euclidean distance) is a spanner as well. The bound on the stretch factor they obtained was improved by Keil and Gutwin [14] . In the meantime, Chew [10] showed that the T D-Delaunay triangulation-again a dual of a Voronoi diagram but this time defined using a distance function based on an equilateral triangle rather than a square (L1-distance) or a circle (L2-distance)-is a 2-spanner.
The bound on the stretch factor of an L2-Delaunay triangulation by Keil and Gutwin stood unchallenged for many years until Xia recently improved the bound to below 2 [17] .
Paper ∆ Stretch factor bound Bose et al. [6] 27 (π + 1)C0 ≈ 8.27 Li and Wang [15] 23 (1 + π sin π 4 )C0 ≈ 6.43 Bose et al. [8] 17 C1C0 ≈ 23.56 Kanj and Perković [13] 14 ( Table 1 : Results on bounded degree (∆) plane spanners. Constant C0 = 1.998 is the best known upper bound on the stretch factor of the L2-Delaunay triangulation [17] . Constants C1, C2, and C3 are (2 + 2 √ 3 + 3π 2 + 2π sin( π 12 )), 1/(1 − tan(π/7)(1 + 1/ cos(π/14))), and 4 + 2 √ 2(1 + √ 2) 2 (3 + √ 2) 6 , respectively. The stretch factor bound in this paper can be made much tighter with a more careful analysis.
Recently as well, Bonichon et al. [2] improved Chew's original bound on the stretch factor of the L1-Delaunay triangulation to 4 + 2 √ 2 and showed this bound to be tight. Minimizing the stretch factor of a plane spanner of E is one natural goal. Another one is minimizing the maximum degree of the plane spanner. This restriction eliminates, for example, the various Delaunay triangulations because they can have unbounded degree. The lower bound on the maximum degree of a spanner is 3, because a Hamiltonian path through a set of n points arranged in a grid has stretch factor Ω( √ n). Work on bounded degree but not necessarily plane spanners of E closely followed the above-mentioned work on plane spanners. In a 1992 breakthrough, Salowe [16] proved the existence of spanners of maximum degree at most 4. The question was then resolved by Das and Heffernan [11] who showed that spanners of maximum degree at most 3 always exist.
The focus in this line of research was to prove the existence of low degree spanners and the techniques developed to do so were not tuned towards constructing spanners that had both low degree and low stretch factor. Furthermore, the bounded-degree spanners shown to exist were not guaranteed to be plane. Bose et al. [6] were the first to show how to extract a spanning subgraph of the classical L2-Delaunay triangulation that is a bounded-degree, plane spanner of E. The maximum degree and stretch factor bounds they obtained were subsequently improved by Li and Wang [15] , by Bose et al. [8] , and by Kanj and Perković [13] (see all bounds in Table 1 ). The approach used in all these results was to extract a bounded degree spanning subgraph of the classical L2-Delaunay triangulation and the main goal was to obtain a bounded-degree plane spanner of E with the smallest possible stretch factor.
Recently, Bonichon et al. [1] focused on lowering the bound on the maximum degree of a plane spanner and developed a new approach. Instead of using the classical L2-Delaunay triangulation as the starting point of the spanner construction, they used the T D-Delaunay triangulation defined by Chew [10] . They achieved a significant decrease in the bound on the maximum degree: from 14 down to 6. Independently, Bose et al. [3] have also been able to obtain a plane spanner of maximum degree at most 6, by starting from the L2-Delaunay triangulation.
In this paper, we push the bound on the maximum degree of a plane spanner from 6 down to 4 and make a big step toward closing a fundamental question. The starting point for our spanner construction is Chew's original L1-Delaunay triangulation, a graph that has been largely overlooked in the last quarter century. We define this triangulation, and the equivalent L∞-Delaunay triangulation, in the next section. In Section 3, we introduce a key tool for our construction: a directed version of the L∞-distance-based Yao graph Y ∞ 4 introduced by Bose et al. [4] . En passant, we prove that Y ∞ 4 is a plane 20 + 14 √ 2 ≈ 6.3-spanner of E. Then, in Section 4, we define standard paths between the endpoints of every edge in Y ∞ 4 . In Section 5, we construct a subgraph H8 of Y ∞ 4 of maximum degree at most 8 and show that it is a spanner by proving that it contains short standard paths. Finally, in Section 6, we show that some edges in H8 are redundant and we remove them, while adding new shortcut edges, to obtain H4, a spanner of maximum degree at most 4. While the proofs in the paper are quite technical, our construction leads to a simple and efficient algorithm for computing the spanner. Due to lack of space, some proofs appear only in the full version of the paper.
PRELIMINARIES
Let P be a set of points in the Euclidean plane. The Euclidean graph E of P is the complete weighted graph embedded in the plane whose nodes are identified with the points of P . We assume that a coordinate system is associated with the Euclidean plane and thus every point can be specified by its x and y coordinates. For every pair of nodes u and w, we identify edge (u, w) with the straight line segment [uw] and associate an edge length equal to the Euclidean distance d2(u, w) = dx(u, w) 2 + dy(u, w) 2 where dx(u, w) (resp. dy(u, w)) is the difference between the x (resp. y) coordinates of u and w. Given a constant t ≥ 1, a subgraph H of a graph G is a t-spanner, or simply a spanner, of G if for any pair of vertices u, v of G, the distance between u and v in H is at most t times the distance between u and v in G; the constant t is referred to as the stretch factor of H. We will say that H is a t-spanner, or simply a spanner, if it is a t-spanner of E.
In the introduction we defined the L1-Delaunay triangulation as the dual of the Voronoi diagram based on the L1distance defined as d1(u, w) = dx(u, w) + dy(u, w) for two points u and w. In this paper, our working definition is an alternate but equivalent one. A square in the plane is a square whose sides are parallel to the x and y axes and a tipped square is a square tipped at 45 • . For every pair of points u, v ∈ P , (u, v) is an edge in the L1-Delaunay triangulation of P iff there is a tipped square that has u and v on its boundary and is empty (contains no point of P in its interior). The assumption in this definition is that no four points of P lie on the boundary of a tipped square.
If a square, rather than a tipped square, is used in the above definition then a different triangulation is obtained; it corresponds to the dual of the Voronoi diagram based on the L∞-distance d∞(u, w) = max{dx(u, w), dy(u, w)}. Here again the assumption is that no four points of P lie on the boundary of a square. We refer to the resulting triangulation as the L∞-Delaunay triangulation. This triangulation is nothing other than the L1-triangulation of the set of points P after rotating all the points by 45 • around the origin. Therefore Chew's bound of √ 10 on the stretch factor of the L1-Delaunay triangulation ( [9] ) applies to L∞-Delaunay triangulations as well. In the remainder of this paper, we will be using L∞-Delaunay (rather than L1-) triangulations because we will be (mostly) using the L∞-distance, and squares rather than tipped squares.
In order to avoid technical difficulties we make the usual assumption that points of P are in general position which for us means that 1) no four points lie on the boundary of a square and 2) no two points have the same x or y coordinate. Note that it is always possible to perturb the points slightly so they end up in general position and so that a plane spanner on the perturbed points corresponds to a plane spanner on the original points. Therefore, the main result in this paper holds for all sets of points and not just for points in general position.
A YAO SUBGRAPH OF THE L∞-DELAUNAY TRIANGULATION
In this section we describe the first step in the construction of our spanner of E, the complete Euclidean graph on a set of points P .
A cone is the open region in the plane between two rays that emanate from the same point. With every point u of P we associate four disjoint 90 • cones emanating from u: they are defined by the translation of the x-and y-axis from the origin to point u and exclude the translated axes. We label the cones 0, 1, 2, and 3, in counter-clockwise order, starting with the cone corresponding to the first quadrant. Given a cone i, the counter-clockwise next cone is cone i + 1, whereas the clockwise next cone is cone i − 1; we assume that arithmetic on the labels is done modulo 4 so that cone i + 1 and cone i − 1 are well defined. Our general position assumption ensures that no point lies on the boundary of another point's cone.
Given two points v and w, we define R(v, w) to be the rectangle, with sides parallel to the x and y axes, having v and w as vertices. The rectangle has positive area because (of our general assumption that) no two points share the same x or y coordinate. For a point v and cone i of v, we denote by S i v (s) the s × s square having v as a vertex and whose two sides match the boundary of cone i of v, and by S i v the empty square S i v (s) with the largest s. The following is the first step of our spanner construction:
Step 1. For every node v of P , we choose in each nonempty cone of v the shortest edge of E incident to v according to the L∞-distance, breaking ties arbitrarily, and we give it an orientation out of v.
We name the resulting directed graph
from node v to node w (see Figure 2 -
there is an empty square with v and w on its boundary, (v, w) must be an edge in the L∞-Delaunay triangulation T of the points in P (see Figure 2 -(a)). Thus the undirected graph obtained by removing the orientations of edges in
is a subgraph of T which we denote as Y ∞ 4 (just as in [4] ). For a given edge
orientations are in − − → Y ∞ 4 . We will call (v, w) uni-directional in the first two cases and bi-directional in the third case.
If
is in cone i of u then it must also be in cone i + 2 of v. One possibility is that (u, v) is the only edge incident to u in its cone i and the only edge incident to v in its cone i+2; we call such an edge a mutually-single edge and note that it must be bi-directional. If that is not the case, there must be either two or more edges of Y ∞ 4 incident to u in its cone i, or two or more edges of Y ∞ 4 incident to v in its cone i + 2, or both. We call edge (u, v) dual if there are two or more edges of Y ∞ 4 incident to u in its cone i and two or more edges of Y ∞ 4 incident to v in its cone i + 2. Finally, given a node u and cone i of u, we define the fan of u in cone i to be the sequence, in counter-clockwise order, of all edges of Y ∞ 4 incident to u in its cone i. 
be the fan of u in its cone i. We call (u, v1) and (u, v k ) the first and last edge, respectively, in cone i of u. 1 We call any remaining edge (u, v l ) (1 < l < k) a middle edge of u; we say that an edge is a middle edge if it is a middle edge of one of its endpoints.
We call these edges canonical edges of u in its cone i and we say that an edge is canonical if it is a canonical edge of some node. We make a few observations to differentiate middle, dual, and canonical edges:
lying in cone i of u. 1 The first and the last edge in a cone of u are defined only if there are two or more edges incident to u in the cone.
(a) If (u, v) is dual then (u, v) is the first edge in cone i of u and cone i + 2 of v or the last edge in cone i of u and cone i + 2 of v.
then (u, v) is the first or last edge in cone i of u, the only edge in cone i + 2 of v, and a canonical edge of just one node.
(c) (u, v) can belong to at most one of the following categories: middle, dual, or canonical.
We omit the short proof of the following:
ANCHORS AND STANDARD PATHS
In this section we describe how, under certain conditions, we choose a special anchor among all those edges. We then use anchors to define special paths between endpoints of every edge in Y ∞ 4 .
We will say that cpath u (vs, vr) is a unidirectional canonical path if every edge in the path is unidirectional and vs, . . . , vr forms a directed path from vs to vr in − − → Y ∞ 4 . A uni-directional canonical path ending at vr is maximal if it is not contained in any other uni-directional canonical path ending at vr.
In Figure 2 -(a), (u9, u3) and (u9, u20) belong to the fan of u9 hence the path cpath u 9 (u3, u20) is well-defined. The path cpath u 9 (u20, u17) is a maximal uni-directional canonical path ending at u17. Note that if vs, vs+1, . . . , vr is a maximal uni-directional canonical path ending at vr then ei-
, and if vs, vs−1, . . . , vr is a maximal uni-directional canonical path ending at vr then ei-
We now define anchor edges:
For every node u and every cone i of u containing an edge incident to u:
is a mutually-single edge in cone i of u, we define (u, v) to be the anchor chosen by u in cone i.
is a maximal uni-directional canonical path ending at v l ; we set (u, v l ) to be the anchor chosen by u in cone i.
is a maximal uni-directional canonical path ending at v l ; we define (u, v l ) to be the anchor chosen by u in cone i. (iii) Otherwise, we define (u, v l ) = (u, v l ) to be the anchor chosen by u in cone i.
We use the notation anchori(u) to denote the anchor edge chosen by node u in its cone i.
, an anchor (u, v l ) is represented by a thick edge with an arrow toward v l at the end of the edge. In Figure 2 
incident to u in its cone i but v has two or more edges of Y ∞ 4 incident to it in its cone i + 2, then anchori(u) is not defined. For instance in Figure 2 -(b), this is the case for anchor3(u14) and anchor1(u7). It is always true, however, that if (u, v) is an edge lying in cone i of u then either anchori(u) or anchori+2(v) is defined. We use this to define a special type of path for every edge (u, v) ∈ Y ∞ 4 :
is a mutually-single edge in cone i of u. We can bound the length of a 1-standard path as follows (proof omitted):
(d) The length of the 1-standard path from u to v is at most
As an aside, the reader can verify that the graph obtained by taking the union of 1-standard paths defined over all edges
of maximum degree at most 12.
is mutually-single then (u, v) is a strong anchor. For edges that are not mutually-single, we make the following observations:
Let u be a node that has a fan (u, v1), . . . , (u, v k ), with k ≥ 2, in its cone i. Then anchori(u) is defined, and if anchori(u) = (u, v l ) for some l ∈ {1, . . . , k} then: By Definition 2 and Definition 4, if anchori(w1) = (w1, w2) is a weak anchor then anchori+2(w2) is defined, and anchori+2(w2) could be either weak or strong. This means that starting from any weak anchor (w1, w2) there is a well-defined path of weak anchors anchori(w1) = (w1, w2), anchori+2(w2) = (w2, w3), anchori(w3) = (w3, w4), ... that would end when a strong anchor is encountered. Furthermore, if anchori(w1) = (w1, w2) is a weak anchor then any other anchor incident to w1 in its cone i would have to be weak. Since weak anchors are dual and there can only be two dual edges incident to w1 in its cone i, one of which is (w1, w2), there can be only one other weak anchor incident to w1 in its cone i, say anchori+2(w0) = (w0, w1). By repeatedly applying Observation 3.1-(d) to every successive pairs of nodes on cpath w j (wj+1, wj−1), we note that wj+1 is always in cone i + 3 of wj−1 and so the path w0, w1, . . . cannot form a cycle. This means that we can partition all weak anchors into maximal paths that we define as follows:
Definition 5. A weak anchor chain is a path w0, w1, . . . , w k of maximal length consisting, for some i ∈ {0, 1, 2, 3}, of weak anchors anchori(w0) = (w0, w1), anchori+2(w1) = (w1, w2), anchori(w2) = (w2, w3), anchori+2(w3) = (w3, w4), and so on until:
• if k is even, weak anchor anchori+2(v k−1 ) = (v k−1 , v k ) such that anchori(v k ) = (v k , w) is a strong anchor, or
is a strong anchor.
In Figure 2-(b) , u22, u24, u15, u5 and u28, u26, u27 and u21, u5 are three weak anchor chains. We now select anchor edges that will actually be included in the spanner: Definition 6. We designate all strong anchors as selected. Furthermore, for every weak anchor chain w0, w1, ..., w k :
(a) For l = k − 1, k − 3, . . . , we designate anchor (w l−1 , w l ) (chosen by w l−1 ) as selected.
(b) If (w0, w1) is not selected, i.e. k is odd, then we designate (w0, w1) to be a start-of-odd-chain anchor (chosen by w0).
In Figure 2-( (a) There is at most one selected anchor incident to u in its cone i, whether the anchor is chosen by u or not.
is a start-of-odd-chain anchor chosen by u in its cone i then there is no selected anchor incident to u in its cone i.
(c) If (u, v) is an anchor chosen by u in its cone i that is not selected, then there is a selected anchor chosen by v in its cone i + 2.
is an anchor chosen by u in its cone i that is not selected and that is not a start-off-odd-chain anchor, then there is another, selected anchor incident to u in its cone i (chosen by a node other than u).
We now define a new type of standard path that makes use of selected anchors only: • The 1-standard path from u to v, if anchori(u) is selected.
• The path cpath u (v, v ) together with the 1-standard path from v to u, if anchori(u) is not selected.
By Observation 4.3-(c), if anchori(u) = (u, v ) is defined but not selected then anchori+2(v ) is defined and selected. The 1-standard path from v to u is thus well-defined and hence a 2-standard path from u to v is well-defined. By applying Lemma 4.1 twice, the length of the 2-standard path from u to v is at most (3 + √ 2) 2 d2(u, v). In Figure 2-(a) , the 2standard path from u22 to u23 is path u22, u15, u24, u18, u23.
In the next section we will construct our first bounded degree spanner of Y ∞ 4 . We will show that it contains short and highly structured paths between the endpoints of every edge in Y ∞ 4 . We define the structure of these paths now:
that includes all selected anchors, let (u, v) be an edge of Y ∞ 4 lying in cone i of u such that anchori(u) is defined, and let p be the 2standard path from u to v. For every d ≥ 1, the 2d-standard pre-path in H from u to v consists of:
(a) all edges on p that are in H (b) and, if d > 1, the 2(d − 1)-standard pre-path in H from w to w or from w to w for every canonical edge (w, w ) on p that is not in H.
When the 2d-standard pre-path in H is a path from u to v we call it the 2d-standard path or, more simply, the standard path when the value of d is understood from the context.
Because there is a 2-standard path for every (u, v) ∈ Y ∞ 4 and because H includes selected anchors, 2d-standard prepaths in H are well-defined for all (u, v) ∈ Y ∞ 4 . When a 2dstandard pre-path is a path from u to v, its length is bounded by (3 + √ 2) 2d d2(u, v) by applying Lemma 4.1 recursively.
A SPANNER OF MAXIMUM DEGREE 8
We now construct H8, our first bounded degree spanner of Y ∞ 4 . It consists of all selected anchors and a subset of the uni-directional canonical edges of Y ∞ 4 . We choose the edges in H8 as follows:
Step 2. We choose all the selected anchors. Then, for every node u and cone i of u, if (u, v1), . . . , (u, v k ), with k ≥ 2, is the fan u in its cone i, we choose all the unidirectional edges on cpath u (v1, v k ) except for the following two cases:
(a) (v2, v1) ∈ H8 iff (v1, u) is a dual edge but not a startof-odd-chain anchor chosen by v1 and (v2, v1) is a nonanchor, uni-directional edge such that
is a dual edge but not a startof-odd-chain anchor chosen by v k and (v k−1 , v k ) is a nonanchor, uni-directional edge such that (
In order to bound the degree of the spanner, we devise a charging scheme that assigns each chosen spanner edge (u, v) to a cone of u and to a cone of v. A chosen edge (u, v) is charged to the cone of u containing it if it is a selected anchor or if it is a uni-directional canonical edge with ( −→ u, v) ∈ − − → Y ∞ 4 . By Observation 4.3-(a) and Observation 3.2-(b) at most one edge is charged to a cone this way. If (u, v) is a non-anchor, uni-directional canonical edge of some node w with
is incoming at u, it is charged to the cone of u that contains w. To bound the degree of each node we only need to focus on cones that have one or more non-anchor, uni-directional, canonical, incoming (in − − → Y ∞ 4 ) edges charged to them. We show next that such cones have at most 2 edges charged to them, thus showing that H8 has maximum degree at most 8: and (v2, v1) is a nonanchor uni-directional canonical edge in H8 such that
(e.g., cone 3 of u21 Figure 2-(c) ).
(e.g., cone 0 of u19 Figure 2-(c) ).
Proof. We start with case 1 < r < k. If an incom- 
, and either (v1, u) is not dual or (v1, u) is a start-of-odd-chain anchor chosen by v1.
In the second case, (v1, u) is not a selected anchor and is thus not in H8. Furthermore, by Observation 4.3-(b), no other selected anchor is also charged to cone i + 2 of v1. Finally, there cannot be another start-of-odd-chain anchor out of vi in its cone i + 2 because there is only one anchor out of a node in a cone. So cone i + 2 of v1 could not be charged more than 1 in this case.
If (v1, u) is not dual then it must be the only edge of Y ∞ 4 in cone i + 2 of v1. Thus, for cone i + 2 to have a charge of 2, it must be that (v1, u) ∈ H8. Note that (v1, u) cannot be an anchor chosen by v1 because by Definition 2 v1 chose no anchor. It also cannot be anchori(u) because, using Observation 4.2-(a), that would violate the assumption that (v2, v1) is uni-directional and ( − −− → v2, v1) ∈ − − → Y ∞ 4 . Therefore (v1, u) must be a uni-directional canonical edge (with respect to some node w in cone i + 3 of u and v1) and ( − − → v1, u) ∈ − − → Y ∞ 4 . The case r = k follows by a symmetric argument to that in the case when r = 1.
We will show next that H8 is a spanner of Y ∞ 4 . In fact, we show something stronger:
There is a 6-standard path in H8 from u to v or from v to u of length at most (3 + √ 2) 6 · d2(u, v).
We start by proving two special cases of the theorem:
lying in cone i of u such that anchori(u) is defined. The 2-standard path from u to v is in H8 and has length at most (3 + √ 2) 2 · d2(u, v).
Proof. W.l.o.g. we assume that i = 0. The lemma clearly holds if anchor0(u) = (u, v) since (u, v), being a canonical edge, would have to be a selected anchor and thus in H8. Therefore we can assume that anchor0(u) = (u, v) and, w.l.o.g., that anchor0(u) is clockwise from edge (u, v) in cone 0 of u. Then, since (u, v) is canonical, (u, v) must be the last edge in cone 0 of u. Let (u, v1) , . . . , (u, v k ) = (u, v) be the fan of u in its cone 0 and let anchor0(u) = (u, v l ) for some l ∈ {1, . . . , k − 1}.
Since
and, by Definition 2, cpath u (v l , v k ) is a maximal uni-directional canonical path ending at v k . Since (u, v k ) is not dual, Step 2 ensures that cpath u (v l , v k = v) is a path in H8. Therefore, if (u, v l ) ∈ H8 then the 1-standard (and thus 2-standard) path from u to v is in H8.
If (u, v l ) ∈ H8 then (u, v l ) must be a weak anchor and thus a dual edge. Since (u, v l ) lies clockwise from (u, v k ) within cone 0 of u, (u, v l ) must be the first edge in cone 0 of u, i.e. l = 1. Any other anchor incident to u in its cone 0 would have to be a weak anchor and thus a dual edge (Observation 4.2-(b) ). Since the first edge in the cone is (u, v1) and the last is (u, v k ), there cannot be another anchor incident to u in its cone 0. So (u, v1) is a startof-odd-chain anchor chosen by u. By Observation 4.3-(c), anchor2(v1) ∈ H8 and anchor2(v1) = (v1, u). Since at least two edges of Y ∞ 4 are incident to v1 in its cone 2, node v1 has a fan (v1, u1), . . . , (v1, u k ) with k ≥ 2 in its cone 2. Let anchor2(v1) = (v1, u l ) for some l ∈ {1, . . . , k }. Since, by Observation 3.2-(a), (v1, u) is the first edge in cone 2 of v1, u = u1.
Step 2 ensures that all the edges on this path are in H8 (in particular (u2, u1 = u) is in because (u, v1) is a start-of-odd-chain anchor chosen by u). Therefore, the 2-standard path from u to v = vr is in H8. The bound on the length of the path follows from Lemma 4.1.
and anchori(u) is defined. The 4-standard pre-path in H8 from u to v is a path in H8 and has length at most (3 + √ 2) 4 · d2(u, v).
Proof. If anchori(u) = (u, v) then (u, v) must be a selected anchor (only anchors that are dual may not be selected) and thus in H8 so the theorem holds trivially. So we can assume that anchori(u) = (u, v) and that, w.l.o.g., it lies clockwise from (u, v) within cone i of u.
If anchori(u) = (u, v ) ∈ H8 then the 2-standard path from u to v consists of edge (u, v ) and
Step 2 ensures that all unidirectional canonical edges on this path are in H8 (in particular, edge (v k−1 , v k ) is in because (u, v k ) is a canonical edge and thus not dual). By Lemma 5.3, for every bi-directional edge in cpath u (v , v) not in H8, a 2-standard path between its endpoints is in H8. Therefore the 4-standard pre-path in H8 from u to v is a path from u to v.
If anchori(u) = (u, v ) ∈ H8 then the 2-standard path from u to v consists of cpath u (v , v), say v = v l , v l +1 , . . . , v k = v, anchori+2(v ) = (v , u ), and cpath v (u , u), say u = u1, u2, . . . , u l = u . Furthermore, just as in the proof of Lemma 5.3, (u, v = v l ) must be a start-of-odd chain anchor chosen by u.
Step 2 ensures that all the uni-directional canonical edges on cpath u (v , v) and cpath v (u , u) are in H8; in particular, edge (v k−1 , v k = v) is in because (u, v k = v) is a canonical edge and thus not dual and (u2, u1 = u) is in because anchori(u) is a start-ofodd-chain anchor. By Lemma 5.3, for every bi-directional edge in cpath u (v , v) or cpath v (u, u ) that is not in H8, a 2-standard path between its endpoints is in H8. Therefore the 4-standard pre-path in H8 from u to v is a path; the bound on its length follows from Lemma 4.1.
We can now prove Theorem 5.2:
Proof. The theorem holds trivially if (u, v) is a selected anchor, so we assume otherwise. W.l.o.g. we assume that anchori(u) is defined and that anchori(u) is either clockwise from (u, v) within cone i of u or that anchori(u) = (u, v).
If anchori(u) = (u, v ) is in H8 then the 2-standard path from u to v consists of edge (u, v ) and cpath u (v , v), say v = v l , v l +1 , . . . , vr = v.
Step 2 ensures that all unidirectional canonical edges on this path are in H8 except for possibly edge (vr−1, vr = v); if missing, this edge is a uni-directional canonical edge such that ( − −−−− → vr−1, vr) ∈ − − → Y ∞ 4 . By Lemma 5.4, the 4-standard pre-path in H8 from vr to vr−1 is a path from u to v. For every bi-directional edge in cpath u (v , v) not in H8, a 2-standard path between its end points is in H8. Therefore the 6-standard pre-path in H8 from u to v is a path in H8.
If anchori(u) = (u, v ) is not in H8 then the 2standard path from u to v consists of cpath u (v , v), say v = v1, v2, . . . , vr = v, anchori+2(v ) = (v , u ), and cpath v (u , u), say u = u1, u2, . . . , u l = u .
Step 2 ensures that all uni-directional canonical edges on cpath u (v , v) and cpath v (u , u) are in H8 except for possibly (vr−1, vr = v) and (u2, u1 = u). By Lemma 5.4, the 4-standard pre-paths in H8 from vr to vr−1 and from u1 to u2 are paths in H8. By Lemma 5.3, for every bi-directional edge in cpath u (v , v) or cpath v (u, u ) that is not in H8, a 2-standard path between the endpoints is in H8. Therefore, the 6-standard pre-path in H8 from u to v is a path and the bound on its length follows from Lemma 4.1.
DOWN TO MAXIMUM DEGREE 4
In order to reduce the degree of H8, we need to remove for every cone with a charge of 2 at least one edge of H8 that contributes to the charge. Lemma 5.1 describes the three cases in which a cone receives a charge of 2. We name the pair of non-anchor uni-directional canonical edges of u in its cone i satisfying case (a) of Lemma 5.1 an edge pair in cone i of u. We name the non-anchor uni-directional canonical edge of u satisfying case (b) the duplicate first edge in cone i of u and the non-anchor uni-directional canonical edge of u satisfying case (c) the duplicate last edge in cone i of u. We call an edge a duplicate edge of u if it is a duplicate first or last edge in some cone of u. Observation 6.1. For every node u with a fan (u, v1), . . . , (u, v k ), with k ≥ 2, in its cone i and anchori(u) = (u, v l ) for some l ∈ {1, . . . , k}, the set of all 6-standard paths in H8 satisfies:
(a) For every edge pair (vr−1, vr), (vr, vr+1) of u (where r ∈ {2, . . . , k − 1}) if a standard path in H8 contains both edges then they must appear consecutively in the path, and if a standard path contains just one of them then the standard path must be from u to vr. v1) is a duplicate first edge (of u) then no standard path in H8 can contain (v2, v1) other than the standard path from u to v1.
(c) If (v k−1 , v k ) is a duplicate last edge (of u) then no standard path in H8 can contain (v k−1 , v k ) other than the standard path from u to v k .
Proof. By Definition 8, if (vr, vr+1), for some r ∈ {1, . . . , k −1}, is a non-anchor uni-directional canonical edge that appears on a 2d-standard path in H8, say path p, from some node u to another node v , then either 1) (vr, vr+1) belongs to the 2-standard path p1 from u to v or 2) (vr, vr+1) belongs to the 2(d − 1)-standard path in H8 from w to w for some canonical edge (w, w ) in p1 that is not in H8. In case 1), by definition of 2-standard paths, u must be u and the subpath of p1 starting at u and ending with edge (vr, vr+1) is the 2-standard path from u to vr, if l ≥ r + 1, or to vr+1, if l ≤ r. By Definition 8, the 2d-standard path from u to vr, if l ≥ r + 1, or vr+1, if l ≤ r, is contained in p. In case 2), we apply recursion until we obtain that (vr, vr+1) belongs to the 2-standard path from w to w for some canonical edge (w, w ) not in H8. Using the above argument, w must be u, (vr, vr+1) must be contained in cpath u (v l , w ), and (u, w ) must be the first or last edge in cone i of u.
If (v2, v1) is a duplicate first edge of u then (v1, u) is not an anchor and l > 1. Hence the only 1-standard path that uses (v2, v1) is the 1-standard path from u to v1 and the only 2standard path that uses (v2, v1) is the 2-standard path from u to v1. Since (u, v1) is in H8, (v2, v1) appears only in one standard path in H8, the one from u to v1. This proves part (b) and, by symmetry, (c). To prove part (a), suppose (vr−1, vr), (vr, vr+1), for some r ∈ {2, . . . , k − 1}, is an edge pair of u. By Observation 4.2-(a), r = l . If only (vr−1, vr) appears in standard path p then l < r and, since (u, vr) is not canonical, p must be the standard path from u to vr. Similarly, if only (vr+1, vr) appears in standard path p then l > r and p must also be the standard path from u to vr. Finally, if both edges appear in standard path p then they must be, by Definition 8, consecutive edges in the path. Proof. We assume w.l.o.g. that i = 0 and (u, v) = (u, v k ). In that case, (u, v k ) is a canonical edge of some node s in its cone 3 where s lies within cone 1 of u. Note that edge (u, v k ) and anchor edge (u, v l ) lie in cone 0 of u and cones 2 of v k and v l , respectively. By applying Observation 3.1-(d) to cone 0 of u and, if (u, v l ) is not selected and thus l = 1, cone 2 of v1, all non-anchor canonical edges on the 2-standard path p from u to v k lie in cones 1 or 3 of their endpoints. By repeating this for every non-anchor canonical edge on p, we deduce that all non-anchor canonical edges on the 4-standard prepath in H from u to v k but not on the 2-standard pre-path in H lie in cones 0 and 2 of their endpoints. We continue one more time to find that all non-anchor canonical edges on the 6-standard pre-path in H from u to v k but not on the 4-standard pre-path in H lie in cones 1 and 3 of their endpoints. This implies that if (u, v k ) does not appear in the 4-standard pre-path in H from u to v k , it will not appear in the 6-standard pre-path in H either. Therefore we only need to show that (u, v k ) does not appear in the 4-standard pre-path in H from u to v k .
The non-anchor canonical edges on the 2-standard path from u to v k are 1) canonical edges of u in its cone 0 and, if (u, v l ) is not selected and thus l = 1, 2) canonical edges of node v1 in its cone 2 and that lie in cone 3 of u. Consider a non-anchor canonical edge (vr, vr+1) of u in its cone 0. Either anchor1(vr) is defined and anchor1(vr) = (vr, w ) or anchor3(vr+1) is defined and anchor3(vr+1) = (vr+1, w ). Note that w must lie in cone 0 of u. The non-anchor canonical edges on the 2-standard path between vr and vr+1 are all canonical edges of nodes vr and w if anchor1(vr) is defined or vr+1 and w if anchor3(vr+1) is defined. Since s lies in cone 1 of u, vr, vr+1, and w must be different from s. If we now consider a canonical edge (w1, w2) of v1 in its cone 2, we can similarly show that non-anchor canonical edges on the 2-standard path between w1 and w2 are canonical edges of nodes lying in cone 3 of u and thus cannot be s.
This implies that (u, v k ), a canonical edge of s, cannot appear on a 4-standard pre-path in H from u to v k . By Observation 6.1-(b), if (v2, v1) is a duplicate first edge in cone i of u then no standard path in H8 other than the 4-standard path (by Lemma 5.4) from u to v1 uses edge (v2, v1). Furthermore, edge (v1, u) ∈ H8 by definition (of duplicate first edge). Therefore, as long as we keep edge (v1, u), we can remove (v2, v1) from H8 without breaking any standard path other than the one from u to v1 and without increasing the stretch factor bound from Theorem 5.2. By symmetry, a similar insight can be made about Observation 6.1-(c) and duplicate last edge (v k−1 , v k ). If (v2, v1) is a duplicate first edge of u in its cone i then, by Observation 3.2-(b), (v2, v1) is the last edge in cone i + 1 of v1 and (u, v1) is a non-anchor uni-directional canonical edge in
Then, either (v1, u) is a duplicate last edge in cone i + 1 of some node w lying in cones i − 1 of u and of v1 or it is not a duplicate edge at all. This insight, along with the symmetric one regarding (v k−1 , v k ) and (v k , u), motivates this definition: Definition 9. A chain of duplicate edges is a path w1, . . . , w k , w k+1 of maximal length in H8 in which every edge (w l−1 , w l ) is a duplicate edge of w l+1 for every l = 2, 3, . . . , k and (w k , w k+1 ) is not a duplicate edge. Edge (w k , w k+1 ) is referred to as the end edge of the chain. Figure 2 -(c), edge (u3, u2) is the end edge of the chain of duplicate edges u3, u2, u12, u10. Observation 6.3. The following hold for chains of duplicate edges: (a) A chain of duplicate edges does not form a cycle; (b) every duplicate edge belongs to exactly one chain of duplicate edges; and (c) every non-anchor uni-directional canonical edge in H8 that is not a duplicate edge is the end edge of exactly one chain, possibly of length 1.
For instance in
By Observation 6.3, we can partition all non-anchor unidirectional canonical edges of H8 into chains of duplicate edges. We now apply the final two steps of our construction:
Step 3. For every chain of duplicate edges w1, . . . , w k+1 we remove from H8 every other edge in the chain starting with (w k−1 , w k ), i.e. (w k−1 , w k ), (w k−3 , w k−2 ), ...
Step 4. For every node u, every cone i of u, and every edge pair (vr−1, vr), (vr+1, vr) in cone i of u, we remove (vr−1, vr) and (vr, vr+1) from H8, we add a new (straight-line) edge between vr−1 and vr+1, and charge edge (vr−1, vr+1) to the cones of vr−1 and vr+1 in which the edge lies. We call this edge a shortcut between vr−1 and vr+1. We also call vr a cut-off node with respect to u.
Let H6 be the graph obtained after applying Step 3, and let H4 be the graph obtained after applying Step 4 to H6. In Figure 2-(d) , edges (u8, u14) and (u1, u14) have been removed during step 4. All other edges present in H8 but not in H4 have been removed during step 3. Moreover, the shortcut edge (u8, u1) has been added during step 4.
lying in cone i of u. There is a 6-standard path in H6 from u to v or from v to u of length no more than (3 + √ 2) 6 · d2(u, v).
Proof. Every standard path in H8 that contains no edge removed in Step 3 is in H6, so we only need to consider standard paths that do contain a removed edge, i.e. get broken. Let (v2, v1) be a duplicate first edge, of some node u, that is in H8 but not in H6 (the argument for a duplicate last edge is symmetric). By Observation 6.1-(b), the only standard path in H8 that gets broken by the removal of (v2, v1) is the standard path in H8 from u to v1. Since (u, v1) is a uni-directional canonical edge in Y ∞ 4 , by Lemma 5.4 this standard path must be a 4-standard path p in H8 from u to v1. Note that the standard path in H8 from v1 to v2, which happens to be a 4-standard path as well by Lemma 5.4, does not get broken (Observation 6.2) and so it is also the 4-standard path in H6 from v1 to v2. Since (u, v1) is a uni-directional canonical edge and since (v1, v2) belongs to the 2-standard path from u to v1, the path from u to v1 consisting of the 4-standard path from u to v1 in H8 with edge (v2, v1) being replaced by the 4-standard path from v1 to v2 in H8 is a 6-standard path in H6 from u to v1. Theorem 6.5. H4 is plane spanner of the Euclidean graph of maximum degree at most 4 and stretch factor at most 4 + 2
Proof. We first argue planarity, which could potentially be affected by shortcut edges since they are the only edges in H4 not in Y ∞ 4 . Suppose (vr−1, vr+1) is a shortcut in H4 that was put in because edge pair (vr−1, vr), (vr+1, vr) in cone i of u was removed from H8 and vr is a cut-off node of u. Note that this implies that ( − −−−− → vr−1, vr),
The only edge of Y ∞ 4 that (vr−1, vr+1) intersects is (vr, u). That edge is a middle edge and hence not canonical. Therefore the only way for (u, vr) to be in H4 is if it was the anchor chosen by u. By Observation 4.2-(a), that would contradict the orientation of (vr−1, vr) and (vr+1, vr) in − − → Y ∞ 4 . Furthermore, because a shortcut is added only between nodes vr−1 and vr+1 such that (vr−1, vr) and (vr+1, vr) are uni-directional,
, it is not possible for two shortcut edges to intersect.
To argue the degree bound we only need to consider the three cases of Lemma 5.1. In case (b), either (v1, u) or (v2, v1) is no longer in H4 and the charge in cone i + 2 is reduced from 2 to 1. The same is true for case (c). In case (a), the charge in cone i+2 of vr is reduced from 2 to 0. The added shortcut edge (vr−1, vr+1) replaces the removed edges (vr−1, vr) and (vr+1, vr) and does not change the charge in the cones of vr−1 and vr+1 containing the shortcut edge.
In order to prove the stretch factor bound, by Lemma 6.4 we only need to consider the standard paths in H6 that are broken by the removal of edges in Step 4. Consider an edge pair (vr−1, vr), (vr+1, vr) of some node u that is in H8 but not in H4. Both edges are uni-directional canonical edges and thus, by Observation 3.2-(b), they are canonical edges of just one node (u). Because ( − −−−− → vr−1, vr), ( − −−−− → vr+1, vr) ∈ − − → Y ∞ 4 , neither edge can be a duplicate edge and therefore both are in H6 as well. If a standard path in H8 contains both edges, by Observation 6.1-(a) the edges must be consecutive in the standard path and therefore shortcut edge (vr−1, vr+1) ∈ H4 may be used instead of the missing edge pair which actually shortens the path and so these paths are not broken. If a standard path in H8 uses just one of (vr−1, vr) or (vr+1, vr) then by Observation 6.1-(a) the standard path must be the one from u to node vr, a cut-off node with respect to u in H4. Therefore, to complete the proof of the theorem, we only need to show that a short path exists in H4 between u and cut-off node vr (with respect to u). We assume w.l.o.g. that the standard path in H8 from u to vr uses edge (vr−1, vr).
By Observation 6.2, edge (vr−1, vr) cannot appear in the 6-standard path in H6 from vr to vr−1 so its removal in Step 4 does not break that path. Furthermore, since vr is a cut-off node with respect to u then (u, vr) must be a middle edge and therefore vr−1 cannot be a cut-off node of vr (since (vr, vr−1) is canonical and thus not a middle edge). So, the 6-standard path in H6 between vr and vr−1 must still exist, with shortcuts replacing any edge pairs on the path, in H4. By Lemma 4.1-(b) and Lemma 6.4, the length of this path is at most √ 2(3 + √ 2) 6 · d2(u, v). Since vr−1 cannot be a cut-off node of u (because ( − −−−− → vr, vr−1) ∈ − − → Y ∞ 4 ), the 6-standard path in H6 from u to vr−1 is also in H4. The length of this path is no more than (3 + √ 2) 6 · d2(u, v). Therefore there is a path in H4 from u to vr of length bounded by (1 + √ 2)(3+ √ 2) 6 · d2(u, vr) and so H4 is a spanner with stretch factor at most 4 + 2 √ 2(1 + √ 2) 2 (3 + √ 2) 6 by Lemma 3.3.
CONCLUSION
The question that this paper addressed is: What is the smallest maximum degree that can be achieved for plane spanners of complete Euclidean graphs? The main result of this paper allows this question to be reformulated as follows: Is it always possible to construct a maximum degree 3 plane spanner of complete Euclidean graphs?
Given the L∞-Delaunay triangulation of a set of points, the construction of H4 can be done in linear time. The bound on the stretch factor from Theorem 6.5 can be easily improved with a more careful analysis. We have written a program (see http://www.labri.fr/∼bonichon/deg4) that constructs spanner H4 on a set of points; our experiments with it suggest a stretch factor bound in the double digits and that our construction may have practical applications.
There exists a distributed algorithm that can compute a plane spanner of maximum degree 6 (and we denote this spanner H 6 ) using only a constant number of rounds [1] . In our construction of H4, the number of necessary rounds is bounded (from below) by the length of longest weak anchor chain and the length of the longest duplicated chain both of which can have a linear number of vertices. Additionally, there exists a routing algorithm on H 6 with a bounded stretch factor [5] . We leave open the question whether or not it is possible to obtain a similar result on H4.
